Potential vorticity is central to the theory of rotating and stratified flows. For example, in the quasi-geostrophic limit, the potential vorticity determines dynamical quantities of interest such as the wind, pressure, and temperature fields. However, in homogeneous flows with periodic boundary conditions, the potential vorticity is zero in the mean and has a trivial spectral distribution. The second-order spatial correlation function is then the lowest-order non-trivial moment. A framework is developed to describe the two-point statistics of potential vorticity in rotating and stratified turbulence as described by the Boussinesq equations. The Kármán-Howarth type of equation is derived for the dynamics of the two-point correlation function of potential vorticity. Combinations of the Rossby, Froude, Prandtl and Reynolds numbers are used to investigate various limiting cases of the dynamics. Regimes in which one might expect a potential vorticity inertial range are identified. In the cases of large Rossby and Froude numbers, and quasi-geostrophic dynamics, a 2/3-law analogous to the Kolmogorov 4/5-law for the third-order velocity structure function is derived for the third-order mixed correlation between potential vorticity and velocity.
Introduction
Ertel's potential vorticity (Ertel (1942) ) q = ω a · ∇ρ, where ω a is the total vorticity and ρ is the density, plays an prominent role in our understanding of atmospheric and ocean dynamics. The local conservation of q in inviscid flow is a direct consequence of the underlying mathematical structure of the fluid (Ertel (1942) ; Muller (1995) ; Haynes & McIntyre (1987 , 1990 ). In the limit of strong stratification and rapid rotation, and in the absence of inertial-gravity waves, the governing equations for velocity u and density ρ collapse to the quasi-geostrophic (QG) equation for the scalar q from which all other dynamical variables can be deduced. For the history of the subject in atmospheric and ocean dynamics, see, for example, Hoskinds et al. (1985) ; Rhines (1986 Rhines ( , 1979 .
The importance of the potential enstrophy Q = q 2 /2 for turbulence cascades is illustrated by the work of Charney (1971) . He showed that conservation of energy and (pseudo) potential enstrophy by the inviscid QG equations is analogous to conservation of energy and enstrophy by the inviscid, two-dimensional (2D) Navier-Stokes equations.
Following Kraichnan's (1967) theory of 2D turbulence, Charney (1971) predicted an inverse cascade of energy with large-scale energy spectrum E(k) ∝ ε 2/3 k −5/3 , and a forward cascade of potential enstrophy with small-scale energy spectrum E(k) ∝ η 2/3 k −3 , where ε and η are the transfer rates of energy and potential enstrophy, respectively. Thus, in the QG limit, inviscid conservation of Q imposes a strong constraint on the energy transfer function and the energy spectrum.
In the present study of potential enstrophy in rotating and stratified flows, we apply statistical techniques which have been used to investigate scale-dependent properties of three-dimensional (3D), non-rotating, non-stratified Navier Stokes turbulence. The von Kármán & Howarth (1938) equations for the dynamics of two-point correlation functions of velocity lead to the concept of an "inertial-range" of scales dominated by net downscale flux of kinetic energy by nonlinear transfer with little dissipative loss (Kolmogorov (1941) ). This concept was extended for the case of the passive scalar energy flux (Yaglom (1949) ), and more recently for helicity flux by Chkhetiani (1996) (see also L'vov et al. (1997) ; Gomez et al. (2000) ; Kurien (2003) ). Under the assumption of isotropy of the small scales (local isotropy), all these results take the form of exact scaling laws for the appropriate two-point third-order correlations as follows:
where · denotes a suitable average (over ensembles or over the flow domain), r is the separation vector between the two measurement points, the longitudinal velocity u L = u ·r, the transverse velocity u T = u−u Lr , and the passive scalar is θ. The quantities ε, ε θ and h are, respectively, the mean dissipation rates of kinetic energy, passive scalar energy and helicity, and are defined in terms of the viscosity ν and the thermal diffusion coefficient α. The kinetic energy and passive scalar energy have positive-definite dissipation rates, while helicity does not. However, this fact does not preclude a helicity inertial-range (Chen et al. (2003) ; Kurien et al. (2004) ). The equations (1.1) are three of the few exact, nontrivial results known in the theory of statistical hydrodynamics. They are therefore valuable benchmarks for the study of high Reynolds number turbulence in both experiments (Dhruva et al. (1997) ; Mydlarski & Warhaft (1998) ; Chambers & Antonia (1984) ) and numerical simulations (Sreenivasan et al. (1996) ; Gotoh et al. (2002) ; Taylor et al. (2003) ; Kurien et al. (2004) ).
In section 2 we derive the Kármán-Howarth equation for the two-point correlation function of q starting from the Boussinesq equations for rotating and stratified flows. The non-dimensional form of this equation identifies contributions due to rotation (Rossby number Ro), stratification (Froude number F r), and diffusion (Reynolds Re and Prandtl P r). Herring et al. (1994) performed a numerical study in Fourier space of potential enstrophy for non-rotating, non-stratified flow. They point out that the diffusion terms may not be considered to be confined to the large wavenumbers (small scales) and that the flux and diffusion contributions to the balance may not in general be separated from each other. In this work we go a step further and assume statistical homogeneity, Re → ∞ and fixed P r. In this limit there exists the possibility of a range of scales wherein the diffusion rate is at least sub-dominant, if not negligible, compared to the transfer rate. We recover a balance between the divergence of the third-order mixed correlation between velocity and potential vorticity and the dissipation rate of potential enstrophy in the large Re, small-scale limit for fixed P r.
In section 3 we consider limits of the Ro and F r numbers. When rotation and stratification are assumed small (Ro and F r are large) we can reasonably hypothesize local isotropy. Then, in the limit of large Re and fixed P r, an exact scaling law analogous to the 4/5, 4/3 and 2/15 laws (Eqs. 1.1) arises for the balance between potential enstrophy dissipation and the third-order mixed correlation of velocity and q, with an exact prefactor of 2/3. In the QG limit (Ro and F r are small), the potential vorticity assumes a form in which the stratification and rotation, both sources for strong anisotropy, may be scaled out. In a stretched coordinate system, and again under the assumption of local isotropy in the non-diffusive limits, an exact 2/3 scaling law is recovered for the mixed third-order correlation. Finally, we tabulate several intermediate limits in Ro and F r and recover forms for the correlation dynamics which allow pure dissipation (sink) of potential enstrophy and hence the clear possibility of an inertial range cascade of potential enstrophy. Further discussion of our main results is given in section 4.
The Kármán-Howarth equation for potential vorticity q
The Boussinesq equations for rotating, stably stratified and incompressible flow are given by:
u is the velocity, w is its vertical component, p is an effective pressure, f = 2Ω is the Coriolis parameter, Ω is the constant background rotation rate, ν = µ/ρ 0 is the kinematic viscosity and κ is the mass diffusivity coefficient. The total density is ρ(x) = ρ 0 − bz +ρ(x), where ρ 0 is the constant background, b is also constant and larger than zero for stable stratification, andρ is the density fluctuation such that |ρ| ≪ |bz| ≪ ρ 0 .
We begin with the full (viscous) equation for q in rotating, stably stratified flow (Embid & Majda (1998) ) with periodic boundary conditions:
where ω a = ω + fẑ is the absolute vorticity and ω = ∇ × u is the relative vorticity. The equation for the potential enstrophy Q = q 2 /2 is obtained by multiplying Eq. (2.2) by q.
The mean dissipation rate of potential enstrophy over the domain is then given by:
where · denotes volume integration over the periodic domain and we have used
The mean dissipation rate of potential enstrophy is not sign-definite and this allows for both production and dissipation, locally, of potential enstrophy (Herring et al. (1994) ).
Equation for the two-point correlation function of q in homogeneous flow
At this stage it is useful to non-dimensionalize the equations to see where the rotation, stratification and diffusion parameters appear. Following Embid & Majda (1998) , one may define non-dimensional parameters:
where U , L, L/U are the characteristic velocity, length scale and time scale, and Bρ 0 is the characteristic scale for the density fluctuations (B is a dimensionless constant). The buoyancy frequency N is given by N = (gb/ρ 0 ) 1/2 . For the limiting cases F r → 0 and F r → ∞, conservation of total energy (u · u +ρ 2 )/2 requires that Γ = 1/F r, and thus Λ = F r. The latter equality is assumed throughout this work. Then the characteristic velocity is given by U = Bg/N = B(ρ 0 g/b) 1/2 . With the above definitions, the non-dimensional form of the equation for q as measured at point x becomes
where all variables are non-dimensional and ω 3 is the vertical component of ω. Equation (2.6) is the same as Eq. (2.12) of Embid & Majda (1998) up to a factor of Λ. ¿From now on we include in q only the contributions including the fluctuations ω andρ
and we work entirely in the non-dimensional units. One may write down an equation identical to (2.6) for q ′ , the potential vorticity at point x ′ . Cross-multiplication and summing of the two resulting equations yields the equation for the two-point quantity′ = q(x)q(x ′ ):
Here all primed variables denote their values at x ′ and ∂ i ′ denotes differentiation with respect to x ′ i . Next one may express the equation in terms of the separation vector r between the points x and x ′ , and rewrite the equation in terms of the new independent variables r = x ′ − x and X = (x + x ′ )/2 (see for example Hill (2002) ), where
(2.10)
The procedure to derive the equation for the two-point correlation function is familar from, for example Frisch (1995) ; Hill (2002) . One can perform a change of variables and then ensemble average the equation assuming statistical homogeneity. Ensemble averaging commutes with the derivative operations ∂ ri and ∂ Xi . Statistical homogeneity, as in the case of periodic boundary conditions with constant N and f , implies that the derivative operation ∂ Xi acting on any statistic yields zero. The result is
where all factors of Ro, F r and Γ are 'hidden' in the non-dimensional expressions for q and q ′ defined by Eq. (2.7), ρ = −Λ −1 +dρ/dz and ω a = Ro −1ẑ +ω. Relation (2.11) is the non-dimensional Kármán-Howarth equation for the two-point, second-order correlation function of q. It describes the dynamics of the two-point correlation of q in a statistically homogeneous Boussinesq flow, and is the starting point to consider various limiting cases as described below.
2.1.1. Non-diffusive small-scale limit in homogeneous flow Equation (2.11) is the physical space counterpart of the Fourier representation discussed in Herring et al. (1994) . As noted in that work, the diffusion terms on the righthand side may not in general be assumed to act at scales much smaller than the non-linear (transfer) terms on the left-hand side for finite Re and P r. Furthermore each individual term on the right-hand side above is not sign-definite, and thus allows for both production and dissipation of potential vorticity at a given scale. The latter is reminiscent of the sign-indefiniteness of the dissipation rate of helicity and helical velocity statistics; despite this, it has recently been shown that an inertial range of helicity can exist with an exact scaling law recovered both theoretically by Chkhetiani (1996) (see also L'vov et al. (1997) ; Gomez et al. (2000) ; Kurien (2003) ), as well as in simulations by Kurien et al. (2004) .
We proceed with a particular order of limits, first Re → ∞ while P r is fixed, followed by r → 0. The expectation is that this procedure will access a range of (sufficiently small) scales such that the effect of the diffusion is sub-leading compared to the transfer for a given scale. One may then derive the leading order balance between the flux and dissipation terms. In the first limit, the right-hand side of Eq. (2.11) becomes negligible for given r. Then, in the limit as r → 0, ∂ t′ → 2∂ t Q = −2ε Q and hence Eq. (2.11) reduces to
(2.12) Implicit in this step is the assumption that the dissipation rate ε Q remains finite in the non-diffusive limit Re → ∞, P r fixed. This is analogous to the Kolmogorov (1941) hypothesis that kinetic energy dissipation remains finite in the inviscid limit. Similar assumptions were used for the passive scalar energy dissipation and the helicity dissipation to derive Eqs. (1.1). Equation (2.12) is analogous to the result for third-order velocity structure functions in statistically homogeneous, high Reynolds number turbulence in the small scale limit (Frisch (1995) ).
Limiting cases in the rotation and stratification parameters
In this section we investigate two limiting cases of the rotation and stratification parameters. The starting point is the Kármán-Howarth equation for homogeneous flows Eq. (2.11), upon which we impose limits in the Ro, F r and Γ parameters (according to the non-dimensionalization in Eq. (2.8)). In the large Ro, large F r limit, we derive an exact balance for the isotropic small scales between the potential enstrophy dissipation rate and the mixed third-order correlation of velocity and q. The scaling law thus derived, which we will call the '2/3-law', is analogous to the established scaling laws for kinetic energy, passive scalar energy and helicity in Eqs. (1.1). The same 2/3-law is shown to hold for the QG limit in a stretched coordinate system, presumably in a range of larger scales for which vertical stretching leads to isotropy.
Rotation and stratification are small (large Ro, large F r)
The equations for large Ro and large F r should tend toward the equations for incompressible, variable density 3D flow. Consider the following scalings:
After the change of variables according to (2.10), ensemble averaging and assuming homogeneity, the leading order O(1) balance of (2.11) is
(3.2) In this limit, the equations of motion are identical to those investigated by Herring et al. (1994) , that is, the density is a passive scalar and the momentum obeys Navier-Stokes. Note that, unlike the equation for velocity correlations, the order of the derivative with respect to r is the same for the flux and diffusion terms. Thus we cannot, without further assumptions, expect an 'inertial-range' transfer dominated by the flux term in some range of scales.
Local isotropy
In the large Ro and large F r limit, it is reasonable to further assume local isotropy, that is, invariance of the correlation tensors under arbitrary rigid rotations for small scales. Invariance with rotation by π radians about each of the coordinate axes yields the constraint that only the longitudinal components of the tensor correlations are non-zero. Then Eq. (3.2) reduces to
a Kármań-Howarth equation for two-point potential vorticity statistics in 3D incompressible, variable density, statistically homogeneous and isotropic flow. We may use the following isotropic forms for the scalar and first-order tensor correlations in Eq. (3.3) :
where C(r), F (r), G 1 (r) and G 2 (r) are scalar functions of r. Substituting these isotropic forms into Eq. (3.3) and using the identities
Relation (3.6) is thus the the scalar form of the Kármán-Howarth equation for the secondorder moment′ for locally isotropic flow.
Statistically steady state, non-diffusive and small-scale limit
The analogy to the Kolmogorov 4/5-law for longitudinal structure functions may be recovered in the non-diffusive limit using the following steps. First assume statistically steady state in time. Then, in order to observe the limit where the momentum and mass diffusion contributions are small, take the limit Re → ∞ with P r constant, eliminating the right-hand side of (3.6). Follow this with r → 0 to obtain:
The mean dissipation rate of the potential enstrophy is the leading order term of the time derivative:
where it is assumed that the higher-order contributions to the time derivative in Eq. (3.6) vanish as r → 0 in the statistically steady state. This is analogous to the assumption made to derive the Kármán-Howarth equation for helicity Kurien (2003) ). Using (3.7) and (3.8) in Eq. (3.6) we obtain
Finally, multiply by r 2 throughout and integrate with respect to r in order to solve for F (r):
The constant of integration is zero assuming that the scalar function F (r) remains regular as r → 0. Alternatively, we can write the '2/3-law' for the third-order correlation of q and velocity as:
where ε Q is obtained from Eq. (2.3) in the large Ro, large F r limit,
The equation (3.11) is the potential enstrophy counterpart to the scaling laws presented in Eq. (1.1) . As for the helicity case, ǫ Q is not sign definite. As we have discussed above, this fact in itself does not exclude the possibility of an inertial range.
The quasi-geostrophic limit
The quasi-geostrophic (QG) limit is attained in the high-rotation, large-stratification (low Ro, low F r) limit corresponding to
After change of variables, ensemble averaging and using homogeneity, the leading order O(1/ǫ 2 ) terms from (2.8) are
In this limit, the diffusion terms on the right-hand side of (3.14) are all second-order derivatives with respect to r. Therefore they can be considered localized at small scales, allowing an inertial range in which diffusive contributions are separated in scale from transfer contributions. To focus on QG scales rather than small scales, we scale out the dependence on f and N by using a stretched z-coordinate, z * = (N/f )z (Charney (1971) ). Then the scaled q is given by q = ω 3 − ∂ρ/∂z * , and all z-derivatives (f /N )∂/∂ z in (3.14) become ∂/∂z * . Such vertical stretching removes anisotropy in the QG scales; one may imagine pancake-shaped eddies, stretched to become spherical eddies. Following sections 3.1.1 and 3.1.2, one may next derive the Kármán-Howarth equation analogous to Eq. (3.6), and then a scaling law for the third-order mixed correlation function in an isotropic range of scales, identical to Eq. (3.11). However, the separation distance r is measured in the stretched coordinates, and the mean dissipation rate for QG is given by
Summary and Discussion
Our results for various limits of Ro and Λ = F r are summarized in Table 1 (top to bottom (i)-(vi)). In three of the six cases (ii-iv), an inertial range of scales dominated by flux of potential enstrophy may be realized because the form of the diffusion terms confines dissipative effects to small scales. For QG dynamics (case ii), we have derived a 2/3-law describing the third-order mixed correlation between potential vorticity q ∼ ω 3 − ∂ρ/∂z * and u, valid in a coordinate system with vertical stretching z * = (N/f )z. The QG 2/3-law (3.11) may be relatively easy to measure in numerical simulations, since in this case one need only compute the evolution of the scalar streamfunction Ψ, where u = ∇ h ×ẑ * Ψ,ρ = ∂Ψ/∂z * and ∇ h =x ∂ x +ŷ ∂ y .
In the remaining three cases (i, v and vi), the possibility of a potential enstrophy inertial range is not as clear because the flux and diffusion contributions can in principle intermingle at all scales. Nevertheless, the 2/3-law (3.11) is obtained for large Ro and large F r (case i) under the assumption of local isotropy, and by taking a prescribed sequence of limits. In this case q = ω ·∇ρ, and the 2/3-law is closely related to the passive scalar result (1.1b) for isotropic turbulence, since rotation and stratification effects are negligible and the densityρ is a passively advected scalar. However, the 2/3-law contains information about the geometry and structures of the flow. Recall that ω evolves as a line element and ∇ρ evolves as a surface element, and thus that q evolves as a volume element (Ertel (1942) ; Muller (1995) ; Haynes & McIntyre (1987 , 1990 ). An eventual goal is to elucidate the connection between energy, potential vorticity and potential enstrophy in different parameter limits, as pioneered by Charney (1971) for the case of QG dynamics (see also Smith & Waleffe (2002) ). It is therefore instructive to write the conservation laws: ∂ ∂t |v| 2 +ρ 2 = Re −1 ∇ 2 |v| 2 + (ReP r) −1 ∇ 2ρ2 , ∂ ∂ t q = Re −1 ((Λ −1 ∇ 2 ω 3 − ∇ρ · ∇ 2 ω ) − P r −1 (Ro −1 ∇ 2 ∂ρ ∂z + ω · ∇ 2 ∇ρ )),
where q = ω · ∇ρ + Ro −1 ∂ρ/∂z − Λ −1 ω 3 . The energy conservation law does not depend on either Ro or Λ, while the conservation laws for potential vorticity q and potential enstrophy Q certainly do (see also Table 1 ). Thus potential vorticity and potential enstrophy may constrain energy transfer among different scales in other cases besides the QG limit. The numerical measurement and verification of the various statistical relationships derived in this work and an investigation of the dynamical connection between energy, potential vorticity and potential enstrophy for a broader class of models will be the subject of future research.
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